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Abstract. In this paper we study unfoldings of saddle-nodes and their Dulac time. By unfolding a 
saddle-node, saddles and nodes appear. In the first result (Theorem A) we prove uniform regularity by 
which orbits and their derivatives arrive at a node. Uniformity is with respect to all parameters including 
the unfolding parameter bringing the node to a saddle-node and a parameter belonging to a space of 
functions. In the second part, we apply this first result for proving a regularity result (Theorem B) on 
the Dulac time (time of Dulac map) of an unfolding of a saddle-node. This result is a building block 
in the study of bifurcations of critical periods in a neighbourhood of a polycycle. Finally, we apply 
Theorems A and B to the study of critical periods of the Loud family of quadratic centers and we prove 
that no bifurcation occurs for certain values of the parameters (Theorem C). 


1 Introduction and main results 

This paper is dedicated to the study of saddle-nodes and their unfoldings in the real plane. Our initial 
motivation comes from the study of bifurcations of critical periods of quadratic centers, but we think that 
our results are of more general interest. From the point of view of the study of the period function, the 
most interesting stratum of quadratic centers is given by the Loud family 

u = —V + uv, 

2 2 ( 1 ) 
V = u + Dv? -\- Fv^, 


which has a Darboux first integral. Compactifying to the Poincare disc, the boundary of the period 
annulus of the center has two connected components, the center itself and a polycycle. We call them the 
inner and outer boundary of the period annulus, respectively. In [2], we described one part of the bifurcations 
of local critical periods from the outer boundary in this family, but many claims remained conjectural, see 
Figure 1. In particular, the study of the segment {D G (—1,0), F = 1} requires a theoretical result about the 
local time function of such a family in a neighbourhood of a saddle-node appearing at infinity. There, the 
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Figure 1: Bifurcation diagram of the period function of (1) at the outer boundary according 
to Theorem A in [2]. More precisely, \ {Fs U Fj/} corresponds to local regular values, 
whereas Fg are local bifurcation values. The results in that paper did not allow us to determine 
the character of the parameters in the dotted curve F;/. 


center is bounded in the Poincare disc by a symmetric polycycle and, crossing the line T = 1, an unfolding 
of a saddle-node with polar factor at infinity occurs (see Figure 2). By using the Darboux first integral and 
introducing an auxiliar parameter s = 2{F — 1), it can be checked that this saddle-node unfolding can be 
brought to the form 

-e)d^-V{x)ydy), (2) 

by a local change of coordinates, where y = 0 corresponds to the line at infinity in (1). Taking advantage 
of the symmetry of the differential system (1), it suffices to study half of the period and then the essential 
part of the period is given by the Dulac time in a neighbourhood of an unfolding of a saddle-node. In 
Theorem C, we prove that no bifurcation of critical periods occurs for the values of the parameter in 
{D € (—1,0) \ { — 5}, A = 1 }, corresponding to saddle-nodes. 

In a more general context, it is well-known that, by blowing-ups, any singularity of a vector field reduces 
to simple singularities or saddle-nodes. Hence, the period function around any monodromic polycycle can 
always be expressed as the sum of Dulac times of saddle or saddle-node singularities, composed by their 
corresponding Dulac maps. Therefore, local Dulac time of saddles or saddle-nodes at finite or infinite 
distance can be thought of as the basic building blocks in the study of the period function near the outer 
boundary of a period annulus. In [1] and [3], we deal with orbitally linearizable and resonant saddles, 
respectively. In this paper we consider the remaining case: saddle-node singularities. 

According to [6], a family unfolding a saddle-node is always analytically orbitally equivalent to 

Y{x,y]X) = P\{x)dx + {Px{x)Rq^x{x) - y{l + a{X)x^) + y‘^R2,x{x,y))dy, 

where Px{x) = x^~^^ -I- -I- • • • -I- vi{X)x + r'o(A) and Ri^x are germs of holomorphic functions. 

The differential form ujx dual to the vector field Y(x, y, A) is 

WA = {Px{x)Ro,xix) - y{l + a{X)x^) + y'^R2,x{x, y))dx - Px{x)dy. 
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F > 1 


Figure 2: Phase portrait of the Loud family (1), with D G (—1, 0) and F > 0 in the Poincaree 
disc, where the vertical invariant straight line is a; = 1. 


Functions i?o,A and i?2,A correspond to unfoldings of the Martinet-Ramis moduli of analytic classification 
of saddle-nodes. The vanishing of i?o,A corresponds to the existence of an analytic central manifold in the 
family, which by a change of coordinates can be put at y = 0. This occurs when the saddle-node belongs 
to an analytic polycycle bounding the period annulus. It is also a necessary condition for Darboux local 
integrability, i.e. for the existence of a local meromorphic integrating factor for the differential form 
Although the vanishing of i? 2 ,A is not a necessary condition for Darboux local integrability, it provides a 
sufficient condition for the Liouvillian local integrability, i.e. for the existence of a meromorphic closed 
differential form rj such that doj = uj A rj. In this situation the function expi^Jrj) is a (not necessarily 
meromorphic) integrating factor of uj. These considerations, jointly with the example (2) provided by the 
Loud family, justify to consider the model case i?o,A = R 2 ,\ = 0 in which we have triviality of the unfolded 
moduli. 

One can verify that the Dulac time of an unfolding of the form 

{P(x)dx - P {x)ydy) (3) 

is an orbit y = y{x) of the saddle-node unfolding 

P(x)dx + {nV[x)y - U{x))dy 

arriving to a nodal sector when the independent variable x approaches to a specific separatrix of (3). For 
this reason, we study in detail the regularity of the trajectories arriving to these nodal sectors, which is an 
interesting problem by itself. Conceptually, our approach to study the local Dulac time will be similar to 
the use of Picard-Fuchs systems in the study of Abelian integrals. The aim of this paper is hence two-fold. 

In the first part, we deal with a class of Darboux integrable systems unfolding a saddle-node. We consider 
trajectories of the unfolding arriving to one of the nodes. We study the regularity by which these trajectories 
and their derivatives arrive at the node when the unfolding parameter tends to zero (Theorem A). 

In the second part, we study the local Dulac time between normalized transverse sections (see Figure 3) 
of the saddle part of the saddle-node unfolding. We permit a polar factor in the unfolding, which appears 
when singular points at infinity in the Poincare disc are studied in local coordinates. We show that the 
local Dulac time permits an asymptotic expansion in the monomial power scale s’’, r S Z’*' = N U {0}, and 
the remainder term tends uniformly to zero, together with its derivatives of any finite order. Our approach 
to prove Theorem B forces the introduction of an unbounded parameter A and a functional parameter U (x) 
in the family (4) below. Finally, we particularize our main results to a simple unfolding of the saddle-node. 
This example contains Euler’s equation, which has a divergent center manifold. 
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In order to present our main results properly, we fix /i € N and we consider the following unfolding of a 
saddle-node 

X = Ps{x)da: +{\Va{x)y-U{x))dy, (4) 

parametrized by (er, a, A, U), with £ « 0, a in an open subset A of M“, X > 0, U G and 


• Pe{x) = P{x\e) is an analytic function in {x, e), for |a;| ^ r, such that Po{x) has a zero of order n + l 
at X = 0; 

• Va{x) is analytic in {x,a), for |x| < r, with 14(0) = 1, for all a & A; 

• 4^ is the space of series U{x) = ^ M{a;}, with convergence radius greater than r > 0. 

By rescaling, we assume that r = 1 and Va{x) > 0, for |a;| 4 1, for all a G A. We endow with the norm 
||17|| := J2j^o l%l norm it becomes a Banach space. We denote := {U € ^ : ||C/|| 4 1}. 

By Weierstrass preparation theorem and rescaling, we can assume that Psix) is a polynomial of degree 

1 in X, with Po{x) = x^^^. The reason for not including the parameter A into a is that it will vary in an 
unbounded interval. This will play a key role in the proof of Theorem B. Moreover, the limit case A = oo 
corresponds to a singular deformation or slow-fast system, which is also of independent interest. 

Notice that the singularity (x,t/) = (0, C/(0)/A) is a saddle-node of ATl^^O) whose (real) nodal sector is 
contained in the half plane x ^ 0. We will assume that Pe{x) has a real root, for £ « 0. In what follows, 
will denote the biggest real root of Pe{x). As it will be clear in a moment, our results refer to this root, 
and the reason for choosing this one among the others is because we can approach it from the right inside 
a sector that does not shrink as £ tends to zero. In the study of bifurcations, having uniformity on the 
parameters is crucial and, with respect to e, this only makes sense by approaching from the right to 
Moreover, this is the only relevant situation in the study of the period function near the outer boundary of 
the period annulus. In the sequel, we will assume 

(HO) Psi'^e) > 0, for £ « 0, so that the singular point (x, y) = (r?£, is a node of X. 


The polynomial T’e(x) need not be irreducible. We identify the two branches that contain the root x = §si 
for £ ^ 0 and £ 4 0, and we apply Puiseux theorem to each one, obtaining /9± € N and analytic functions 
such that 

f <^-{i-sY'^-) 1 if £4 0, 

Vs = \ ( 5 ) 

\ cr+ {i+s)^^P+) , if £ ^ 0. 

Note that cr±(0) = 0, because -dg tends to zero, as £ —>■ 0. This gives the continuity of the function 'Os- 
Note that this function in general is not analytic at £ = 0, even though (t_ and are. In our first result. 
Theorem A, we treat the unfolding (4), as £ —>■ O’*', or £ —>■ 0“. Since the substitution e i—^ —e interchanges 
both situations, we will restrict to the case £ ^ 0 and, in what follows, when there is no risk of confusion, 
we will omit the subscript -I-, for the sake of shortness. 

Besides the natural assumption (HO), we need to impose two technical conditions on Psix) = P(x;£). 
In order to state them precisely, we introduce the function 


Qis,e):= 


P{s + cr(£);£^) 

5 


( 6 ) 


which is analytic at (s,£) = (0,0) and polynomial in s. Moreover, Q(s, 0) = and on account of (HO), 
Q(0,£) = x£‘^ -I- ..., with X > 0, for some G N. Taking this notation into account, the aforementioned 
assumptions are the following: 
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(HI) The Newton’s diagram of Q(s, e) has only one compact side (connecting the endpoints (/i, 0) and 
(0, v)), i.e. Q admits a Taylor’s expansion of the form 

Q{s,£)= X! 


(H2) The principal (/r, i^)-quasi-homogeneous part of Q(s,e) is positive definite on the first quadrant, i.e. 


qij sin* 0 cos^ 0 > 0, for all 9 G 

i + i = i 



Notice that (H2) implies (HO) because Pgi'de) = Q(0,£). On the other hand, (HI) implies (H2), if gcd(/i, v) = 
1. However, the last implication does not hold in general, as the following example shows. 

Example 1.1. If Pe{x) = x{{x — e)^ + £■*), then dg = 0, Q{x, e) = {s — e)"^ + £^ = — 2s £ + £^ + £■* and 

H = 1 / = 2. One can easily show that satisfies (HO) and (HI), but it does not satisfy (H2). □ 

Let y(x) = y{x;xo,yo,e,a,X,U) be the trajectory of (4), i.e. the solution of the linear differential 
equation 

Pe{x)y'{x) = XVa{x)y{x) - U{x), (7) 

with initial condition y(a:o) = 2/o- We have y{x) = + yL^x), where 

P(x) = P(x;£, a, A):= exp [ A [ ds\ 

V Ji Pe{s) J 


and 


yL{x-,xo,£,a,X,U):= 


D(x \£, a. A) 



U{s) ds 
Pe{s) D{s;e,a, A)' 


Here D{x) is a fundamental solution of the homogeneous equation and it coincides with the Dulac map of 
the saddle point {x,y) = (i?e,0) of the vector field Pg{x)dx — XVa{x)ydy, for x ^ -dg. Moreover, yL{x) is the 
particular solution with initial condition yo = 0 and it depends linearly on U G ■ We are now in position 
to state our first main result where, for convenience, we use the differential operator 

©A = (8) 

Theorem A. Let us consider the saddle-node unfolding given in (4), with £ ^ 0. Assume that Pe{x) satisfies 
the hypothesis (HI) and (H2). Then, there exist functions Cj{e, X,a,U), j G Z"*', satisfying that, for each 
£,k G Ao > 0 and every compact set Ka C A, there exists £o > 0, such that cg, ■. ■ ,C£ are analytic on 
A'.= [0,£o] X Ka X [Ao,oo) and are uniformly bounded linear operators on 'f/ and the following assertions 
hold: 


(1) for every compact set C (0,1], the particular solution y^ o/(7) is of the form 

l 

Uris + -ds; xq, e, a, A, P) = a, A, U)s^ + s^/i^(s; xq, e, a, A, U), 

j=o 

where 0\hi{s) — > 0, as s —> 0“*", uniformly on Kx x Ax for r = 0,1,..., fc; 
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(2) the fundamental homogeneous solution of (7) is of the form D{s + a, A) = s^hi{s]e,a,X), where 
Q\h({s) —>-0, as s ^ 0^, uniformly on A, forr = 0A,---,k- 

Theorem A can be compared to the results [5] and [6] of Rousseau and Teyssier but important differences 
exist. Both studies deal with unfoldings of saddle-nodes. Rousseau and Teyssier deal with the complex 
foliation, whereas our study is essentially real. They construct what they call squid sectors on which, 
by a holomorphic change of coordinates, the vector field can be brought to a model and give moduli of 
analytic classification in terms of comparison of these normalizing coordinates and the period functions on 
asymptotic cycles giving the temporal part of the moduli. Their model equation is like our equation (4), 
but with [7 = 0. The real sector [■dg, xq], which we study, would belong to one of their squid sectors, having 
the node in its boundary. Our study gives the asymptotic expansion of the solutions at the boundary of 
such a squid sector with a good uniform control together with all derivatives of the remainder term. It is 
algorithmic. We think that it cannot be obtained from the results in [6]. Note that requiring the uniform 
flatness property of a remainder term has proved its efficiency in studying the cyclicity (creation of cycles) 
and their bifurcations from hyperbolic polycyles, see e.g. [4]. It is also the right condition for studying the 
bifurcation of critical periods from monodromic polycycles. 

A specific situation which will be useful for further applications is the following: 

Peix) = x{x^ — e) and U{x) = x™U{x), with m G Z+. (9) 

In this case we have 

0, if £ < 0, 

£i/^, ifer^O. 

Our next main result follows almost directly by applying twice Theorem A 
both cases e ^ 0 and £ < 0. 

Corollary A. Consider the saddle-node unfolding given in (4), taking the functions given in (9) and 
setting dg, as in (10). Then there exist functions Cj(£, A, a, [/), j G satisfying that, for each i,k G lA, 
Ao > 0 and every compact set Ka C A, there exists £o > 0 such that co,...,C£ are continuous on A:= 
[— £o, £o] X Ka X [Ao, oo) and are uniformly bounded linear operators on ^ , with Cj{s, a, A, U) = 0, for £ ^ 0 
and j = 0,1,... ,m — 1; and such that the following assertions hold: 

(1) for every compact set C (0,1], the particular solution yr o/(7) is of the form 



( 10 ) 


. We point out that it deals with 


?/L(s-l-dg;xo,£,a, A, [/) = '^Cj{e,a,X,U)s^ -T s‘^he{s;xo,e,a,X,U), 

3=0 

where 0\hi{s) — t 0, as s —> O’*", uniformly on Kx x Ax for r = 0,1,... ,k; 

(2) the fundamental homogeneous solution of (7) is of the form D{s -I- dg;£, a. A) = s^hi{s',e,a,X), where 
Q\h£{s) —>-0, as s ^ 0+, uniformly on A, for r = 0,1,... ,k. 

It is worth to notice that the case /r = l,£ = 0, A = l, V"o = 1,to= 1 and C/ = 1 in the above corollary 
corresponds to the classical Euler equation x^d^ + {y-\-x)dy, having an irregular singular point at the origin 
and a divergent central manifold. 

Now we motivate our main result concerning the second goal of the paper. The setting is the study of the 
period function of a family of polynomial centers in the plane. Since the Dulac time and its derivative of a 
singularity at finite distance tends to infinity, the interesting situation occurs when there are vertices of the 
polycycle bounding the period annulus that belong to the divisor at infinity obtained by desingularization. 
We study here the Dulac time of an unfolding of a saddle-node at infinity. Generically, the hyperbolic sector 
of the saddle-node belonging to the polycycle bounding the period annulus is deformed to a hyperbolic sector 
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of a saddle point. This saddle point either remains at infinity or comes to finite distance in the unfolding. 
In the second situation there is a superposition of two different geometric phenomena. For this reason we 
study the first case. The simplest way to assure this situation is by requiring that the weak separatrix of 
the saddle-node unfolding is at infinity. Then, in suitable local coordinates, such an unfolding writes as 

(11) 

Without loss of generality, we assume that Ua{x,y) ^ 0 has an absolutely convergent Taylor series at 
{x, y) = (0,0) on |a;|, |y| ^ 1, and that Va(x) is an analytic function on \x\ < 1, with 14(0) > 0, for all a € A. 
Notice that under assumption (HO), the point 0), where is the biggest root of Psix), is now a saddle 
of the differential system (11), for £ « 0. In these local coordinates, the period annulus is in the quadrant 
2/4 0 and x 4 '^s- In the statement of our next result, T{s;e,a) is the Dulac time of the saddle-node 
unfolding (11) between the transverse sections {y = 1} and {x = 1}, i.e. it is the time that the trajectory 
starting at (s -I- -dg, 1) spends to arrive to {x = 1}. We also use 0 = ©i, see (8), for shortness. 

Theorem B. Let us consider the Dulac time Pis; e, a) of the saddle-node unfolding (11), with £ 4 0. Assume 
that Peix) satisfies conditions (HI) and (H2). Then there exist functions Cjis,a), j € satisfying that, 
for each £,k € TP and every compact set Ka C A, there exists £o > 0 such that cq, . .. ,C£ are analytic on 
[0,£o] X Ka; and the Dulac time can be written as 

e 

T(s; £, a) = ^ Cjie^P, a)s^ s^hiis; e, a), 
j=o 

with 0’’/i^(s) —t 0, as s ^ 0+, uniformly on [0,£o] x Ka, for r = 0,1,... ,k. 

As we already did in Corollary A, we particularize the unfolding (11) considered in Theorem B by taking 

Psix) = xix^ - e) and Uaix, y) = x^Uaix, y), (12) 

where m G and a G A. As before, we stress that our next result deals with both cases, £ 4 0 and £ 4 0. 

Corollary B. Let us consider the Dulac time Tis;e,a) of the saddle-node unfolding (11) taking the func¬ 
tions in (12) and setting i9s in (10). Then there exist functions Cjie,a), j G T'^, satisfying that for 
each £,k G T'^ and every compact set Ka C A, there exists £o > 0 such that cq, ... ,C£ are continuous on 
[—£o,£o] X Ka; and the Dulac time can he written as 

i 

T(s; £, a) = Cj(e, a)s^ + s^htis; e, a) 
j=o 

with Q^hiis) —t 0, as s ^ 0+, uniformly on [—£o, £o] x Ka, for r = 0,1,... ,k. Moreover, Cjie, a) = 0, for 
£40 and j = 0,1,... ,m — 1. 

Before introducing our main results, we mentioned that the local Dulac time is the basic building block 
in the study of the period function near the polycycle at the outer boundary of the period annulus. We 
conclude this section by clarifying the role of Theorem B and Corollary B in this study and stating our last 
main result. After blowing-up the singularities, we can decompose the period function near the polycycle as 
a sum of Dulac times between arbitrary transverse sections Si and S 2 as it is shown in Figure 3. In order 
to study each Dulac time, we use a diffeomorphism that brings the unfolding of the singularity to its normal 
form; a saddle or a saddle-node. In this paper, we study the saddle-node unfolding, given in (11). We use the 
normalizing diffeomorphism $ to introduce two auxiliary normalized transverse sections S" := <&({?/ = 1}) 
and E 2 := $({a; = 1}). The function T in Theorem B and Corollary B is precisely this local Dulac time 
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Figure 3: Local Dulac time and normalized transverse sections. 


between S" and In order to have a general result on the Dulac time between arbitrary transverse 
sections, one must add to the local Dulac time the two times necessary to go from given transverse sections 
to the normalized ones. For applications it is convenient to express these times in the coordinate on the 
source transversal and this leads to a composition problem. The symmetry of the differential system (1) 
makes this composition problem easier than the general situation and we are able to solve it with the tools 
developed in the present paper. More precisely, Corollaries A and B, together with a result obtained in [1], 
enable us to answer the initial question motivating this paper. We can thus prove the following result, see 
also Figure 1, where for a precise definition of local regular value we refer the reader to [2]. 

Theorem C. Denoting a = {D,F), let{Xa,a G be the family of differential systems in (1) and consider 
the period function of the center at the origin. Then the parameters a G {D G (—1, 0) \ { —|}, A = 1} are 
local regular values of the period function at the outer boundary. 

We point out that, by a result in [2], the exceptional parameter (D,F) = 1) is a local bifurcation 

value, as it can be seen in Figure 1. 


2 Orbital results 

This section is dedicated to the proof of Theorem A and Corollary A, but first some preliminary and 
auxiliary results must be proved. To this end, we fix once for all Aq > 0 and compact subsets Ka C A and 
Kx C (0,1]. Unless explicitly stated, we shall assume that e ^ 0 and in the sequel we shall use 

^ =^(£):= 

where p = € N is the inverse of the Puiseux exponent given in (5). Recall that a trajectory y = y{x) 

of the unfolding, given in (4), verifies the linear differential equation P^{x)y'{x) = XVa{x)y{x) — U{x). 
Accordingly, 

Pe{s + de)y'{s F de) = XVa{s + 'de)y{s F de) - U{sFde). 

On account of d^ = cr(^), from the definition in (6), we get = Q(s,|). Thus, since 0 a = 

setting 

T{s4):=y{sFa{^)), V(s,^) := Va(s + cr(ij:)) and Z^(s,^) := ^C/(s + (t(^)), 
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the above linear differential equation writes as QQ\T = VT — U. The idea to obtain the asymptotic 
expansion is to search for a formal solution T{s) = Cq + CiS + C 2 S^ + ... satisfying 


yQ(s4)'S(ci + 2c 2S + ...)= V(s)(co + CiS + C2S^ + ...) — U{s). 
A 

Since Q(s,^)s| ^ = 0, evaluating in s = 0, we get cq = yrgr. Next step gives 


ls =0 ^ ---u — v(o)- 

= 1- ^(0) \ v(g) 

1 V(0)y V(s)-iQ(s). ■ 

We formalize this inductive procedure as follows. 

Definition 2.1. Consider the linear finite difference operator, acting on functions f{s) analytic at s = 0, 
given by 

for s > 0, 


(V.f)(s):= 


./'(O) 


for s = 0. 


Setting Fq = U, we define inductively F^+i = ViV{Fi/Vi), where V£(s) := V(s) — |Q(s;^). Finally, define 


ci:= 


Vi 


5=0 


and S^(s) := < 




Note that, for each £, ct = cr(^, A, a, U) is a well defined function on [—£i, £(\ x [Aq, oo) x Ka x for some 
£i > 0, which may go to zero, as £ —>■ +oo. In the previous definitions, ^ belongs to Z+, for convenience we 
define E_i := 0. □ 

Notice that the functions Fi, f € N, are obtained from Fq = U, by iterating a sort of finite differences 
operators, but conjugated by multiplication by Vi- 

Remark 2.2. Let g{s) be an analytic function at s = 0. Then, for each to € N and k G {0,1,... ,to}, we 
have that V'=(s"*g(s)) = s’^-^g(s). □ 

Lemma 2.3. = VE^ — U + s^+^F^+i, for each £ G N U {—1, 0}. 


Proof. We proceed by induction on For ^ = —1, E^ = 0 and the assertion holds. Assume now that the 
claim is true for £ — 1. Then 

QCaE^ = Q0aE^_i + QQx{cisE = VE^_i -U + s^Ft+iQas^ = V^e-U + s^Fi - ctVi) 

= V^i-U + s^+^Fi+i, 

because Fi — ciVi = sF^+i, by definition. ■ 

Definition 2.4. For each k G Z+ and d G {0,1}, we say that a real function F(s,^; a, A, U) belongs to the 
set F^, if it can be written as 

IT/ A ^ rn fis,^;a,X,U) 

where Q verifies hypothesis (HI) and (H2) and / is a function such that 

(a) /(s,^; a, A, U) is analytic at (s,^) = (0, 0), for fixed a, A, U and it is homogeneous of degree d in U, more 
precisely, for d = 0, it does not depend on U and, for d = 1, it depends linearly on U, 
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(&) f{s,^; a, A, U) = with fij{a, A, C/) = 0, for ^ ^ < A:, and 

(c) there exists a neighbourhood W of (s,^) = (0,0) in such that the complex-analytic extension of / 
in (s,^) satisfies 

sup{|/(s,^;a, X,U)\ : (s,^) € W, (a, A, U) € [Aq, -foo) x KaX < -|-oo. 

When we write ^ G we will assume implicitly that / satisfies conditions (a), (b) and (c). □ 

Lemma 2.5. The following properties hold: 

(1) is stable by addition, C d^k+m ^k+T’ 

(2) C Fi; 

(3) QxFt C F^^,; 

(4) f G Fl Ve, ^ G J-o and U : (s,^; a, A, U) ^\U{s + G F^; 

(5) If F G F^, then there exists a neighbourhood W of (s,^) = (0,0) in M+x IR“'" such that F is bounded on 
W X Ka X [Ao, oo) X ^ 1 . 


Proof. Assertion (1) is straightforward. To prove assertion (2), note first that since V is a linear operator 
it preserves the homogeneous degree d on U. On the other hand, the condition on the Newton’s diagram 
for belonging to Fq (i.e. for fc = 0) is empty. Let / be an element of Fq. There exists ro > 0, such that the 
function f(s,^;a,X,U) is defined, for every s G C, with |s| ^ rg. By applying Cauchy’s integral formula to 
the function s i —> /(s,^; ci, A, U), which is analytic at s = 0, we get 


Ff{s4;a,X,U) 


^ r f{(:4;a,X,U) 

27ri J\c\=ro (C - s)C 


If |s| < ro/2, then the denominator in the integrand is bounded away from zero and the boundedness of the 
complex analytic extension of / implies the boundedness of that of V/. 

(3) Suppose that ^ G F^. We will prove first that G F^. To see this, note first that the derivative 
0A is a linear operator and it does not affect the condition about the Newton’s diagram of /. On the other 
hand, by Cauchy’s differentiation formula, we have that 


exf{s,lf;a,X,U) 


J_ f s f{(,lf,a,X,U) 
2iTT J\^\=ro A(C - s)2 


is bounded on IT x Ka x [Aq, oo) x where IT is a neighbourhood of (s,^) = (0, 0) in C^. In particular, 
taking f = Q and fc = 1, we deduce that G Fi. Finally, on account of 0 a(^) = 
conclude that QxF^ C by using the assertions in (1). 

(4) Obviously ^ G F^. Due to Ta(0) = 1 and Q(0, 0) = 0, it follows that, for every A G N and Aq > 0, there 
exists a neighbourhood IT of (s,^) = (0,0) in such that 


^ < Vo(s + i^e) - ^S(s;^) < 2 

on IT X Ala X [Ao, oo). This shows that Ve and ^ belong to Fq. Finally, U G Fq because is clearly 

linear in U and bounded on ITx [Aq, oo) x '^i, where IT is a sufficiently small neighbourhood of (s,^) = (0,0) 
in (in this case there is no dependence on a). 

(5) If F = ^ belongs to Fj^, then f(r‘'smd,r'^cosd;f) = r^^''f(r;f) G Fq, where f := (d,X,U) with 
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a:= (a,0) varying in the compact set Ka x [0, |]. By Remark 2.2, we have that 

which belongs to Tq thanks to the assertion (2), i.e. /(r; is bounded on R x Ka x [0, |] x [Aq, oo) x 
where V is some neighbourhood of r = 0 in C. On the other hand, hypothesis (HI) and (H2) imply that 
Q(r^ sin0, cos 6*) = r^''q{r,9) with q{0,0) ^ 6 > 0, for all 9 G [0, |]. Hence, there exists rg > 0 such that 

q{r,9) ^ 6/2, for all r G [0,ro] and 9 G [0, |]. Accordingly, this shows that F(r'^ sin 0, cos0; 5) = is 

bounded, when r G [0, rg], 9 G [0, |] and (a, A, U) G Ka x [Ag, oo) x as desired. ■ 

The reason to require the boundedness of / on Vb x Ka x [Ag, oo) x '^i, where kb is a neighbourhood of 
the origin in C^, and not just in is illustrated by the following example. 

Example 2.6. The analytic function /(s;A) = sin(A^s) is bounded on M x [Ag,oo). However <d\f{s;X) = 
Ascos(A^s) is not bounded on (—sg,sg) x [Ag,oo), for any sg > 0. Notice that, although there exists a 
neighbourhood of M x [Ag,oo) in C x [Ag,oo) where the analytic extension of / is bounded, this function is 
unbounded on U x [Ag, oo), for any neighbourhood [/ of s = 0 in C. Thus, / does not belong to Jg* according 
to Definition 2.4. □ 

Proposition 2.7. For each I G , F^ G Jyj and there exists > 0 such that Cf(^, a. A, C/) is an analytic 
function in (^,a. A) G [0,e^] x Ka x [Ag,oo) and a uniformly bounded linear operator on . 

Proof. To prove that Fg G Jy}, we proceed by induction on £. The case £ = 0 follows from assertion (4) 
of Lemma 2.5, because Fg = U. The inductive step follows easily from the recursive definition = 

ViV{FiV//^), by using assertions (1), (2) and (4) of Lemma 2.5. Using again Lemma 2.5, we deduce that 
^ G £Fq, which implies that ci = ^|g_g € -^g- By condition (c) in Definition 2.4, we have 

sup{|cf(s,^;a. A, C/)| : (s,^) G W,{a,\,U) G [Ag,+oo)x KaX < +oo, 

for some neighborhood W of (s,e) = (0,0). The analyticity of in the remaining parameters (^,a. A) 
follows easily from Definition 2.1 by the analyticity of \U{s + cr(^)) and Va{s + cr(^)). ■ 


Next, we shall study the remainder term 

,,, r{s) - i],(s) 
hds):= -^- 


(13) 


of the asymptotic expansions in Theorem A. Notice that in the case of assertion (2), hi{s) = s ^'D{s), where 
we denote 

X>(s;^):= D(s + i?e) = exp ^A^ . (14) 

The following two lemmas give the basis of induction A: = 0 in assertion (2) and (1) of Theorem A, 
respectively. 

Lemma 2.8. For each £ G and y > 0 small enough, there exists Sg > 0 such that and s~^'D{s) 

tend to zero, as s ^ 0+, uniformly on [0,£g] x Ka x [Ag,oo). 


Proof. Note that it suffices to prove the first limit as y < 1 is fixed and T){y) < 1. By definition we have 
= exp(-R(s, 2 /;£, o,A)), with 


B{s, y; £, a, A) := £ \og{s/y) + A 


f^ Vaix + i),) 

s Psix + T^e) 


dx. 
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We must prove that there exists eo > 0 such that lim B{s,y,e,a, X) = +oo, uniformly on [0,£o] x Xa x 

s—S-0+ 

[Ao,oo). By hypothesis, due to the compactness of Ka, there exists a positive constant mi such that 
Va(x) ^ mi, for any x G [s — '!?e,y — and a G Ka- Recall that is the biggest root of P^, which tends 

to zero as e —)■ 0, and that = cr (^), with cr analytic at zero. We have that Psix + = xQ{x,^). Due to 

Q(0,0) = 0, for every mo > 0 there exists Eq > 0 such that |Q(a:,^)| < mo, for all e,x G [0,eo]. Hence, 

B{s,y]e,a,X) = nog{s/y) + \ f ^ f Aq—- ^Vog(j//s). 

Js -r X/^) \ TTIq J 

Taking mo small enough, we see that the right hand side tends to +oo, as s —>■ 0+. ■ 


We show now the case A: = 0 in assertion (1) of Theorem A. To this end we write, see (13), with 


/^(s):= -- and 5 ^(s):= 


V{s) 


VisY 


(15) 


where P{s) is defined in (14). 

Lemma 2.9. For each £ G there exists Eq > 0 such that hi{s) tends to zero, as s ^ 0"*", uniformly on 
Kx X [0,Eo] X KaX [Ao,oo) X ^1. 


Proof. This will follow by applying the uniform L’Hopital’s rule stated in the Appendix taking and g£ 
as in (15). To this end, we must check that these functions verify the five conditions in Proposition 4.1. 
Condition (a) is obvious because fe and gi are differentiable for s > 0. Using that QQ\D = VI? and 
applying Lemma 2.3, we deduce that 


Qxh 


QV 


and Qxgi 


-s^Vi 

QV 


In particular, dsgi = < 0, for s > 0, which shows condition (6). Moreover, 

dsfi Q\fi Ti+i 

-^^ s - 

ds9i Q\9e Vf 


tends to zero, as s — )■ 0+ uniformly on [0,Eo] x Ka x [Ao,oo) x for some Eq > 0 small enough. This 
follows from Lemma 2.5, taking into account that G J^q, thanks to Proposition 2.7. This shows 

that (c) and (d) are verified. It only remains to check (e). The first part follows from Lemma 2.8. To 
see the second part, we must verify that, for each fixed s > 0 small enough, is bounded on 

Kx X [0,Eo] X Ka X [Ao,oo) X This follows from Proposition 2.7 and the expression 


r{s) = v{s) 



U(x) dx 

Ps{x) Vix-'&s)' 


on account of sup{|17(x)|;x € [s + ■de,a:o]} ^ ||U||, the monotonicity of the Dulac map V{x) and the 
inequalities s + '!?£^a;^a;o^ 1. We can thus apply Proposition 4.1, which shows that hi{s) = tends 
to zero, as s —>■ 0+, uniformly on K^ x [0,Eo] x Ka x [Ao,oo) x '^i, as desired. ■ 


The induction step, for assertions (1) and (2) in Theorem A, will be treated jointly: 
Proposition 2.10. For each £,k G , there exist Vik G and W£k G Pj. such that 

Q\h£ = V£khi+kfj + sw£k- 
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Proof. We proceed by induction on k. For fc = 1, we have that 


^ , Qxfe , 0a5^ —sF>+i + heV( 

= - hi- - 


9e 


9t 


Q 


Since T = 
Therefore, 


we get ht = s^ht+^ + sE^, with := 


n h h _L “ ^^+1 

0Aft<! = hi+f, + s - 


Q 


Q 


Ei=o ce+i+js^- 


It is clear that G because ^ G and G J^q, by Lemma 2.5. On the other hand, by Lemma 2.3, 
ViS^ = s-^-^(VSi+^ - VSi) - jQS^ 

= s-^-i(Q0aE,+^ - Q0aS, - s^+^+iF,+^+i + /+^Fi+i) - 

= Qs-"-10a(s^+'E^) - s'^F.+^+i + Fi+i - = Q(jE^ + O^E^) - s^F^+^+i + F,+i. 

Hence W£j = jE^ + 0aE^ — € Fl, thanks to Lemma 2.5 and Proposition 2.7. We now complete 

the inductive step: 

= <dx{Qxhi) = Qx{vekhi+kti + swik) = Qx{vik)hi+kfj. + vik^xht+kfi + + Qxwek) 

= Qx{vek)s^hi^(^k-ki)tJ. + sQ\{vik)E^_^j.^ + w^fc[w^+fc/i,i^r+(fe+i);i + swe+kti,i] + ^ ^xWik) 

= {<dx{vek)s^ + vekVe+kiL,i)hi+^k-ki)tJ. + « {'^x{vek)E'^+kti + ^ + ^xwek) ■ 


Here u^,fe+i G and wi^k-ki G on account of the inductive hypothesis. Lemma 2.5 and Proposi¬ 
tion 2.7. This completes the proof. ■ 

Proof of Theorem A. The coefficients Cj, for j G Z+, are given in Definition 2.1. Proposition 2.7 shows 
that there exists Eq > 0, such that Cq,Ci, ... ,Ci are analytic on [0,£o] [•^OjOo) ^nd are uniformly 

bounded linear operators on ^. By Proposition 2.10, we get 

0A^^ “ ’^irhi-ir^L “t“ SWir: 

with Vir and wir bounded on [0, sq] x [0,£o] x [Ao,oo) x Kay. '^i, for some sq > 0 and Eq > 0, thanks to 
assertion (5) in Lemma 2.5. Notice that the linearity of wtr on U implies that in the case (2), where [7 = 0, 
we have wtr = 0. We conclude that the limits, as s tends to zero, in assertions (1) and (2) of Theorem A 
are zero uniformly on the corresponding parameters, using Lemma 2.9 and Lemma 2.8, respectively. ■ 


Proof of Corollary A. It is easy to check that on the half planes e ^ 0 and £ ^ 0 the corresponding 
functions Q(s;^), given by (10), satisfy hypothesis (HI) and (H2). To show assertion (1), we apply twice 
assertion (1) of Theorem A, with p_ = 1 and = /x, to deduce that 


Ej=oS' i^F,KU)s^ + s^hf^ (s), for £ < 0, 
Ej=o A, U)s^ + s^hj{s), for £ ^ 0, 
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where the functions hf{s), depending on the parameters (a;o, e, a, A, U), satisfy 

—>-0, as s —)■ 0^, 


uniformly on x [—eg, £o] x [-^O; oo) xKa x '^i, for r = 0,1,... ,k. The flatness property of hf, together 
with the analyticity of (e, a,\,U) on ([—£oj £o] {=*=£ ^ 0}) xKaX [Ag, oo) x^, easily implies that, for all 
j G Z+, the functions 

f c~{s,a,X,U), for £ < 0, 


Cj{e, a. A, U) := 


cf{e^^^,a,X,U), for £ ^ 0, 


are continuous at £ = 0. Moreover, the coefflcients cg,..., Cm-i are identically zero, for £ ^ 0. This follows 
from the fact that U{x) = x™U{x) and = 0, for £ ^ 0, by using the recursive definition of Cj and 
Remark 2.2. Finally, the derivative properties of the function 


hi{s;xo,s,a,X,U):= 


(s; xo, e, a, X, U), for £ ^ 0, 
hi is ;xo,s,a, X,U), for £ ^ 0, 


follow from the corresponding properties of hf. Assertion (2) in Corollary A is deduced from assertion (2) 
in Theorem A in a similar way. ■ 


3 Temporal results 

This section is dedicated to the proof of Theorem B, which follows by applying Theorem A. It will be clear 
now why we need uniformity on A G [Ag, oo) and U varying in the Banach space 


Proof of Theorem B. Consider £,k G Z+ and a compact set Ka C A. We decompose the given function 
Uaix,y) = '}2,n>i^n,aix)y'^~^, with Un,a G , for all n € N and a G Ka- Since Ua{x,y) is absolutely 
convergent on |a:|, |i/| < 1, the series X]n>i and all its ydy derivatives have convergence radius at 

least 1. Consequently, 

n’’||C/„_o|| < oo, for all r gIA and a G Ka- (16) 


Let yix;s) be the trajectory of the vector held Pg{x)dx — Vaix)ydy, with initial condition y(s; s) = 1. 
Note that the Dulac time in the statement is given by 


We define 


L \ r Ua{x,yix-,s))yix-,s) ^ 

Tis-,^,a)= -—- dx= 

J £V / -J 

r Un,aix)y^ix;s) 

J s 


Un,aix)y"'{x-, s) 
Peix) 


dx. 


whose derivative satisfies 

dsTnis) = 


Peix) 


''^Un,aix)dsy'^ix;s) Un,ais) nVais) C/n,a(s) 

dx - „ . . = „ . . Inis) - 


Peix) 


Peis) Peis) 


Peis) 


by using dsyix;s) = yix; s) ^ . This shows that T„(a;) is the trajectory with initial condition r„(l) = 0 
of the vector held obtained from (4) by replacing Uix) by Un.aix), Vaix) by We can 
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thus apply Theorem A, with the given £,k G Z+, the compact set Ka C A, Aq := ^{14(0) : a G Ka} > 0 
and U G to obtain the asymptotic expansion of 7^(s) := r„(s + ’d^) at s = 0. So, there exists £o > 0 and 

i 

(^5 a) — ^ ^ Cj G, TlVa (b) j Un,a} “t“ S £, G, TlV^ (0), U^^a} j 

3=0 

where the coefficients cj depend analytically on (^,G,n) € [0,£o]x AlaX [l,oo). Moreover, 

:= sup{|cj(£, G, A, C/)| : {e,a,X,U) G [0,eo] x Ka x [Ao,+oo) x ^ 1 } < +00 
and, for all positive s, small enough, 

Ml{s) := sup { 105 ^/if (s; e, g, X,U) \ : (e, a, A, U) G [0,eo] x Ka x [Aq, + 00 ) x < + 00 , 

with (s) —)• 0, as s —>■ 0+, for r = 0,1,..., A:. In particular, for (e, a, n) G [0, Eq] x A'a x N and r = 0,1,..., fc 
we have 


|cj(^, o,nVa(0),C/„,a)| 4 7il|t^n,a|| and £, g, nI4(0), C/„,o)| 4 MJ(s)||C/„,a||. 

Here, it is crucial that Theorem A holds for A unbounded and U varying in the Banach space . 
We define at this point the coefficients 

Cj{^,a):= '^Cj%,nVa{0),a,Un,a), for all j G Z+, 

n>l 


(17) 


which are well-defined because the series are uniformly convergent on (^, a) G [0, EqJxATo thanks to (16), with 
r = 0 and the first inequality in (17). In particular, these coefficients are analytic on (^, 0 ) G [0,£o]xA'a. 
On the other hand, by using the second inequality in (17), the series 

h({s; £, a) := ^ he{s; e, a, nVa{Q),Un,a) 

n^l 


is uniformly convergent on (s,^, g) G [0, so]x[0,£o]xA'a, for sq small enough, and it tends to zero, as s —>■ O’*', 
uniformly on (£, g). Hence, the series 


^r„(s;^,G) = Cj%,a,nVa{0),U„^a)s^ 

n^l j—0 


T>1 


n>l 


hi{s;e,a,nVa{0),Un 


i 

= ''^^Cj%,a)s^ + s^hi(s;^,a) 
3=0 


is uniformly convergent on (s,^, a) G [0, Sq] x [0, Eq] xKa, because it is the sum of A -|- 2 uniformly convergent 
series. For this reason, we can commute summation and integration in the following expression of the Dulac 
time 


T(s-4,a) 


’ s+'d^ 


Un,a 

n>l 


(a;) 2 /”(a 


Pe{x) 


dx = ^ Tn{s-4, a). 


n>l 


Accordingly, T(s;^,g) = 0 + s^he{s;^,a). Finally, taking A = nVa{0) and (8) into account, for 

r = 1 , 2 ,..., /c, the series 


|0);d/?(s;£,o,nVa(O),[/„,a)| 

n^l 


V:{t))Y,rf\Q\ht{s-,e,a,nVa{t)).Un,a)\ 

n^l 


^Va{0yM^{s)Y,n''\\Un,a\\ 

n^l 
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is uniformly convergent in (s,^, a) and tends to zero, as s —> 0“^, uniformly on (^, a), thanks to (16) and (17). 
Recall that uniform convergence of a series of functions does not imply the uniform convergence of its 
derivatives. However, if {/„} is a sequence of functions, differentiable on [a,b] and such that {fn{xo)} 
converges for some point xq € and {/(,} converges uniformly on [a, 6], then {/«} converges uniformly 
on [a,b] to a function / and f'{x) = lim„_,.oo/(i(a;), for all x € [a, 5] (see [7, Theorem 7.17]). Taking this 
into account, we can assert that &\hi{s]e,a) = ©^^-^(s; £, a, nVa(O), C/n,o) tends to zero, as s —?■ 0+ 

uniformly on [0, eo] x Ka, for all r = 0,1,..., fc. This concludes the proof of the result. ■ 

The proof of Corollary B is completely analogous to that of Corollary A. 


4 Application to Loud’s system 


Proof of Theorem C. To study the passage through the unfolding of saddle-node at infinity we use the 
chart of given by {z,w) = «)• these coordinates the Loud differential system (1) writes as 

^ (^(l -F-Dz"^ + {2D + l)zw -{D + l)w^)dz + w{-F - Dz^ + {2D + l)zw - {D + l)w^)du?j , 
which is a meromorphic vector field with Darboux first integral 


I{z,w) 


w 

z 


1-2{F- 1) 


g{z,w) 


1 

2(F-1) 


where g{z, w) := (^]!^_X)'d ~ ^ 2 FD ~ 2 S- verify that the local change of coordinates given by 

z w 

, w ) ’ ^Jg{z,w) 

brings the above vector field to (11) 

—2 -- ((a;2 - e)xdx - {2F - x^)ydy ), 

yUa{x,y)' 

-1 

with a := {D,F), Ua{x,y) := ^~ ~ t) ^ particularizing e := 2{F — 1). In these 

local coordinates, the period annulus is in the quadrant y ^ 0 and x ^ ■(?£, where is given by (10) 
with y, = 2. Working on a compact subset Ka of {D e (—1,0),F > i}, we see that Ua{x,y) has an 
absolutely convergent Taylor series at {x,y) = (0,0) on |a;|, |y| ^ r for some r > 0 depending only on Ka- 
By rescaling the local coordinates, we can assume that r = 1. Let <i> be the local diffeomorphism such that 
{z,w) = ^{x,y), i.e. the one obtained by inverting (18). 

Since the Loud system (1) is invariant by the symmetry {u,v) i —> {u, —v), half of the period function 
is the Dulac time T of the singular point at infinity between transverse sections Si := {u = 0,u « 1} and 
S 2 := {u = 0,u « — 00 }. We decompose it in three parts. Let T 2 {s) be the local Dulac time between the 
normalized transverse sections E" := <I>({y = 1}) and E 2 := <I>({a; = 1}) starting at the point $(5 -I- -dg, 0), 
see Figure 3. Let 11 ( 5 ) be the time that the trajectory starting at Ei spends to arrive to the point 
$(s -I- i^e,!) in E" and let T 3 (s) be the time that the trajectory starting at the point $(1,3) spends to 
arrive to E 2 . Finally, let D{s) be the Dulac map between E” and E 2 , i.e. D{s) is defined so that the 
trajectory starting at $(s -f "dE, 1) intersects E 2 at $(l,2?(s)). By construction, see Figure 3, we have 
T{s) = Ti{s) + T 2 {s) + T 3 {D{s)). We now examine the asymptotic expansion of each piece. To this end, 
we denote by I{A) the space of functions h{s;a), analytic on s € (0, sq), such that h{s;a) and sdsh{s;a) 
tend to zero, as s —>■ O’*" uniformly, for a varying in any compact subset of A. Observe that this space is 
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stable with respect to addition and multiplication. We apply Corollary B (with £ = k = 1) to obtain £o > 0 
and a uniform asymptotic expansion T 2 (s) = C 2 ,o + C 2 ,is + sh 2 {s), with ft ,2 € '^{^) C 2 j continuous 
on A := Ka H {F G (1 — Sg, 1 + £o)}- As we already remarked just before Theorem A, the graph of the 
Dulac map T>(s) is a trajectory of the nodal vector field (x^ — s)xdx + 2F(1 — ^)ydy. Hence, by applying 
assertion (2) of Corollary A with A = 2F ^ 1, we deduce that T>{s) = sho{s), with hg G On the other 

hand, the time function Tg{s) is analytic in s, whereas T'i(s) is an analytic function on s composed with 
the continuous function (s,e) i—)■ s + dg. Accordingly, they can be written as Tj(s) = Ci^ + + shi{s), 

with hi G T(A) and Ci^ and continuous on A, for i = 1,3. Note that Tg(T>{s)^ = Cg^g + shg{s), with 
hgis) := cg^ihg{s) + hg{s)h 3 (^shg{s)) and it can be easily checked that hg G T(A). Summing up the three 
terms we obtain that the period function of the Loud system is of the form 


P{s;D,F) = 2T{s;D,F) = cg{D,F) + ci{D,F)s + sh{s;D,F), 


with h:= 2{hi + /12 + hg) G T(A) and Ci continuous on A. On the other hand, restricting to An{F G (|, 1)} 
the singularity at {x,y) = ("dejO) is a linearizable saddle and we can apply [1, Proposition 5.2] to obtain 
the asymptotic expansion of the period function working with a different parametrization, say s. The two 
parametrizations differ by composition with a diffeomorphism s = r{s) such that r( 0 ) = 0 and r'( 0 ) = 
a{D, F) 7 ^ 0, for F = 1. In this other parametrization the coefficient ci{D, F) of s is explicitly calculated 


Since ci(Il, F) 


_ V^i2D + l) r(( 3 F-l)/( 2 F)) 
yF(F + l) 3 r(( 4 F-l)/( 2 F))' 


a{D, F)ci{D, F) and one can verify that 


lim 

F^l~ 


Ci(F,F) 


2(2F + 1) 
(F + l)i ’ 


it follows that ci(Il, 1) 7 ^ 0, for D G (—1,0) \ {— 5 }. On account of the continuity of ci and h G T(A), we 
conclude that 

F'(s; D, F) = ci{D, F) + h{s; D, F) + sh'{s; D, F) ^ 0, 

in a neighbourhood of any point (s, D, F) = (0, Dg, 1) in (0,1) x (—1,0) x (|, 2), with Dg G (—1,0) \ {— 5 }. 
This concludes the proof of the result. ■ 


Appendix 

In our approach to the proof of Theorem A, the use of L’Hopital’s rule with uniformity in the parameters 
is fundamental. We have not found such a version in the literature. For this reason we present here the 
precise statement that we need together with a proof of it. 

Proposition 4.1. Consider two functions fu,gu- («) ^) — ^ ® depending on a parameter v belonging to an 
arbitrary topological space A and verifying the following: 

(а) fy and g^ are differentiable on (a, h), 

(б) g'y(x) 7 ^ 0, for all x G (a, b) and v G A, 

(c) for all V G A, there exists Ly gM. such that lim = Ly uniformly on v G A, 

(d) sup{|F,.|; 1 /G A} <+ 00 , 
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(e) there exists c G (a,h) such that, for each y G {a,c), we have that lim 


V G h. and sup | ; v G a| < +oo. 




gu(v) 


= + 00 , uniformly on 


Then lim uniformly on n G A. 


Proof. For a given £ > 0, we must find 5 > 0 such that, if x € (a, a + (5), then 


JjdTL 


-L,, 


< e, for all 


ly G A. Let us take Si := min ( 1), where M:= sup \L,y\, which is well defined thanks to assumption {d). 


From (c) there exists (5i > 0 such that, if c € (a, a + 5i), then 


/f(c) 


9f(c) 


-L, 


< £i, for all V G A. Let us fix any 


y G (a, a + (5i). By the Mean Value Theorem, for each x G (a, y), there exists c = Cx,y,u G (x, y) C (a, a + 5i) 
such that A(x)-h,,{y) _ fAc) ^ Accordingly, 

9u(x)-g,,{y) g[,{c) o 


fy{x) fy(y) 


Me) j 

gy(x) gy(x) j 


1 gAv) 

^ gAA 


9'M) 


< ei. 


(19) 


On the other hand, the assumption (e) guarantees that there exists Zy G (a, y) such that, if x G (a, Zy), then 


My) 


< £i and 


9i^{y) 

9v{x) 


< £i , for all V G A. 


( 20 ) 


Here, we also used that 


A ( 9 ) _ A(y) gu(y) 

gu(x) g„{y) g,,(x) 


{Li, ± £ 1 ) 


g^^iv) 

gi^ix) 


< (|Li/| +£i)£i, and thus 


tends to zero uniformly on ^ € A, as x —>■ 0 “'". 


Note then that 


~ {\Lu\ + £i)£i < {Li, ± £1)^ < (|L,y|+£i)£i. 

9tJ\X) 


( 21 ) 


The second inequality in (20) shows in particular that 1 — ^ because £1 < 1, so that, from (19), we 

get 


(—£1 + L , j ) ( 1 — 


9u{y)\ , Uiy) ^ Uix) 


< 


9 v{x)J g,,{x) g,,{x) 


< (£1 + L,y) ( 1 — 


Ujy) 

yM)) 9u(.x)' 


Therefore, 


. .^9u{y) , My) MM) t .. rr , . ^9M) , fM) 

—£1 — {Ln — £ij —— H- —— < — Ly < £i — + £lj H-yw • 

9 y[x) gAx) gy(x) g,,{x) g,,{x) 

From this, on account of (21) and the first inequality in (20), we get that 

f fx) 

— 2£i — (|L,y| + £l)£l < -yy- — Ly < 2£i + {\Ly\ + £i)£i. 

9y{x) 


Accordingly, 


fM) 

9u{x) 



< £1(2 + \Ly \ + £l) < £1(3+ \ Ly \) < £1(3 + M ) < £, 


as desired, and so, taking S = Zy — a, the result follows. 
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